In this paper, we are concerned with the bifurcation from infinity for a class of discrete eigenvalue problems with nonlinear boundary conditions which are not linearizable and give a description of the behavior of the bifurcation components. MSC: 34B10; 34B15
Introduction
For over a decade, there has been significant interest in positive solutions and multiple positive solutions for boundary value problems for finite difference equations; see, for example, [ Since problem (.) has different linearizations at infinity, the standard global bifurcation results [] are not immediately applicable. However, Schmitt [] and Peitgen and Schmitt [] obtained a theorem on bifurcation from intervals at infinity. We can use this theorem to discuss the bifurcation from infinity for problem (.) and obtain further information on the location and behavior of the bifurcating sets of solutions.
We will make the following assumptions:
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) and there exist constants f ∞ , f ∞ ∈ (, ∞) and functions
) and there exist constants g ∞ , g ∞ ∈ (, ∞) and functions
LetÎ = {, , . . . , N + } and X = {y|y :Î → R} be the space of all real-valued functions onÎ. Then it is a Banach space with the norm y = max{|y(k)||k ∈Î}.
Definition . ([, p.], [])
A solution set S of (.) is said to bifurcate from infinity in the interval [a, b] if (i) the solutions of (.) are a priori bounded in X for λ = a and λ = b.
(ii) there exists {(μ n , y n )} ⊂ S such that {μ n } ⊂ [a, b] and y n → ∞. Let λ  and μ  be the first eigenvalues of
respectively, ϕ  and ψ  be the corresponding eigenfunctions of λ  and μ  , respectively, and ϕ  , ψ  ∈ X be positive and normalized as ϕ  =  and ψ  = .
The main results are the following. 
+ σ ] is a bifurcation interval from infinity of (.), and there exists no bifurcation interval from infinity of (.) in the set 
This together with
2 Bifurcation theorem and reduction to a compact operator equation V for λ = a and λ = b, i.e., there exists R >  such that
Furthermore, assume that
To establish Theorem ., we begin with the reduction of (.) to a suitable equation for a compact operator and give some preliminary results.
Let uᾱ(k), vβ(k) be the solutions of the initial value problems
and
respectively, hereᾱ,β ∈ [, ∞). It is easy to compute and show that
)q(s)uᾱ(s) > , and u is increasing onÎ;
)q(s)vβ(s) > , and v is decreasing onÎ.
Lemma . Let h : I → R. Then the linear boundary value problem
has a solution
where
Proof It is a consequence of Atici [, Section ], so we omit it.
Let ω  , ω  ∈ (, ∞). Then the linear boundary value problem
, k ∈Î.
From the properties of uᾱ(k), vβ(k), it follows that
Define the operator T : X → X as follows:
By a standard argument of compact operator, it is easy to show that T is a compact operator and it is strong positive, meaning that Th >  onÎ for any h ∈ X with the condition that 
,
.
is a bifurcation interval from infinity of the set of nonnegative solutions of (.), then we have
Moreover, there exist constants >  small enough and M >  large enough such that any nonnegative solution u of (.) is positive onÎ whenever dist(λ, [
Proof Let (μ j , y j ) be a nonnegative solution of (.) with λ = μ j ∈ [α, β] such that y j → ∞, and μ j →μ as j → ∞.
(  .  )
then we have
here τ : {y(), y(), . . . , y(N + )} → {y(), y(N + )} is a linear operator and
From conditions (.) and (.), for any > , there exist constants d , c >  such that 
By (.), it follows from (.)-(.) that
lim sup
Since is arbitrary, it follows that
We claim that
it follows from (.) that
Moreover, we have
Since w  =  and w  ≥ , the strong positivity of T ∞ ensures that w  >  onÎ. http://www.advancesindifferenceequations.com/content/2014/1/125
Obviously, w  satisfies the following boundary value problem:
This combined with ϕ  , ψ  satisfying (.) and (.) can get that
Since w  >  onÎ, (.) implies that w j >  onÎ for j large enough, and so is y j from (.). This leads to the latter part of assertions of this proposition. http://www.advancesindifferenceequations.com/content/2014/1/125
Existence of a bifurcation interval from infinity
This section is devoted to studying the existence of a bifurcation interval from infinity for (.). To do this, we associate with (.) a nonlinear mapping (λ, y) : (, ∞) × X → X as follows:
We note that a nonnegative y ∈ X attains (.) if and only if (λ, y) = . In this section, we shall apply Lemma . to show that for any σ ∈ (,
+ σ ] is a bifurcation interval from infinity for (.) and, consequently, [
+ σ ] is a bifurcation interval from infinity for the nonnegative solutions of (.). In fact, if [
+ σ ] is a bifurcation interval from infinity for (.), then, according to Definition ., we have (i) the solutions of (.) are a priori bounded in
+ σ ] and y n → ∞. Let {μ n j } be any convergent subsequence of {(μ n , y n )}, and let We claim that
Indeed, as in the proof of Lemma ., we have the same conclusion that there exist some ν  , z  ∈ X and μ such that
it follows from the strong positivity of T ∞ and the positivity of
This together with the strong positivity of T ∞ implies that
By using (.) and (.) with obvious changes, it follows that
From (.), it follows that w j >  onÎ for j large enough and so is y j from (.). Therefore [
is actually an interval of bifurcation from infinity for (.).
In what follows, we shall apply Lemma . to show that [
+ σ ] is a bifurcation interval from infinity for (.), two lemmas on the nonexistence of solutions will be first shown. Let χ : (, ∞) × X → X be defined as
Here χ : [,
is a smooth cut-off function such that
Proof Assume on the contrary that there exist λ j ≥ , y j ∈ X and λ  ∈ such that
The same argument as in the proof of Lemma . gives a contradiction that
. This is a contradiction. The proof of Lemma . is complete.
Lemma . Let (H)-(H) hold. Then for any
Proof Assume on the contrary that there exist μ  ∈ (
, and y j ∈ X can be taken such that
Using the same argument as in the proof of Lemma ., we can obtain a subsequence of {y j }, still denoted by {y j }, which may satisfy that y j >  onÎ for all j > . It follows that
(.) http://www.advancesindifferenceequations.com/content/2014/1/125
Moreover, it follows from ϕ  satisfies (.) and (.) that
This implies that
Hence assertion (.) gives
Now use again for (.) the same procedure as in the proof of Lemma ., then we see that some subsequence of {y j / y j }, still denoted by {y j / y j }, tends to a positive function w  in X. Take >  so small that μ  -
Then combining (.) with (.) leads to a contradiction that
The proof of Lemma . is complete. 
